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The purpose of this article is to prove. using the classification of the finite simple 
groups, the following conjecture: Let n be a set of odd primes, then a finite group is 
x-homogeneous if and only if it is n’klosed. 
Using this, several open problems can be settled, including an affkmative answer 
to the following problem of Baer: Let G be a finite group and 7~ I z(G). Suppose 
that G is both n-homogeneous and n’-homogeneous. Is G a direct product of a x- 
group and a n’-group? 
Finally. we note that the proof of the conjecture yields proof to some theorems 
proved earlier without using the classification of the finite simple groups. 
INTRODUCTION 
Let 7~ be a set of prime numbers. A finite group G is called n-closed if G 
has a normal Hall n-subgroup. Following Baer a finite group G is called 71. 
homogeneous if for every n-subgroup H of G, the group N,(H)/C,(H) is a 
z-group. (n-homogenity was considered in [7] and [2], for example.) It is 
well known that a 6closed group is n-homogeneous, where 71’ is the set of 
primes not in z The converse is false in general. For instance the group A, is 
(2, 3).homogeneous but not (2, 3)‘Uosed. The purpose of this paper is to 
prove, using the classification of finite simple groups, the following theorem 
(which was conjectured by Arad in 12 I): 
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THEOREM. Let 7c be a set of odd primes. Then a finite group G is n- 
homogeneous if and only if G is ;Tc’-closed. 
Special cases of this theorem were proved in [ 2 1, [ 61 and ] 121 (of course, 
without using the classification of finite simple groups). In [ 111 Ferguson 
studied 3’-homogeneous groups. We note that if 71= (p} the theorem is 
reduced to Frobenius’ theorem [ 16, p. 4361. 
We now list several consequences of the theorem. 
(a) The first corollary gives an affirmative answer to Baer’s problem 
16: 14, p. 1171. 
COROLLARY 1. Let G be a finite group and let 71 s x(G). If G is both n- 
homogeneous and +homogeneous then G is a direct product of a n-group 
l+Yth a z’-group. 
Proof Without loss of generality we can assume that 2 & z By the 
theorem, G has a normal Hall n’-subgroup, G,, . Then G = G,G,. where G, 
is a Hall n-subgroup of G. As G is rc-homogeneous, G, centralizes G,. . 
(b) A finite group G is called weakly n-closed if for every subgroup U 
of G (including G itself) the number of n-elements of U is exactly nPE, / C’l,l, 
where 1 U], is the order of a Sylow p-subgroup of U. Frobenius con.jectured 
that a weakly n-closed group is n-closed. This conjecture was proved by 
Ferguson [ 13 ]. Since weakly n-closed groups are r&homogeneous (see [ 2, 
p. 1 ]), our theorem yields another proof of Frobenius’ conjecture for the case 
2 E 7r. 
(c) The next corollary considers groups in which every subgroup is 71. 
homogeneous for 2 @ rc. It generalizes [ 2, p. 3 ] and 15, p. 622 ] in the case 
2 @ R. Our corollary shows, in particular, that such a group is either n-closed 
or n’-closed. 
COROLLARY. Let G be a finite group in which every proper subgroup is 
n-homogeneous for some fixed set of odd primes 71. Then one of the following 
holds: (a) G is n’-closed, or (b) R= ( p), p a prime, every proper subgroup of 
G is nilpotent, 1 G / = pUqh. q a prime. Furthermore, the Sylow q-subgroups of 
G are cyclic and G is p-closed. (Compare this corollary with [ 16, S.5.4, 
p. 434. ] 
Proof If G is not rr-closed then G is not n-homogeneous by the theorem. 
Then the results follow from 15, p. 622 ] and the fact that every proper 
subgroup of G is r-homogeneous. 
(d) Our last corollary deals with CC-subgroups of finite groups. A 
proper subgroup M of a group G is called a CC-subgroup if for each 
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x E M - (1 } we have that C,(x) c M. It is well known that a CC-subgroup, 
M. of a finite group G is a Hall n-subgroup of G, where n= z(M). Our 
corollary shows that all the “Sylow” properties hold if 2 & z We note that if 
2 E rc the next corollary is false. 
COROLLARY. Let M be a CC-subgroup of odd order of a finite group G 
and let 71 = rt(M). Then M is a Hall n-subgroup of G, all Hall n-subgroups of 
G are conjugate and every n-subgroup of G is contained in a conjugate of M. 
Proof: The result follows from Theorem A of [ 3, parts (i) and (iii)(c)] 
and our theorem. 
Remark. It can be seen that the theorem is still true if we replace 7c- 
homogeneity by the following weaker assumption: If H is a p-subgroup of G 
with p E 71, then N,(H)/C,(H) is a n-subgroup. 
PROOF OF THE THEOREM 
Notation. Let X be a finite group, p a prime number, 7c a set of primes 
and n a natural number. We denote by XP a Sylow p-subgroup of X. Set 
jX/, = npEn ]X,l and let n(n) be the set of primes dividing n. The rest of the 
notation is standard and taken mainly from [ 151. 
Let G be a counterexample of minimal order. By Lemma 2.3 of 15 ] every 
group which is involved in G is n-homogeneous. Therefore, if X is involved 
in G and ]X/ < /G 1, then X is n’-closed, by induction. Let N be a normal 
subgroup of G. If 1 < 1 N 1 < 1 Cl, then N and G/N are both n-homogeneous 
and n’-closed and consequently G is rc-closed (see [ 5, Lemma 2.4 ]), a 
contradiction. We conclude that G is a simple group and every group which 
is properly involved in G is n’-closed. In particular, if X is a simple group 
involved in G then X is a rc-group, as 1x1 is even. The rest of the proof is a 
case by case study of the finite simple groups. We note that / 7~ f’ n(G)1 > 2 
by ] 16, p. 4361 and we may assume that rr z z(G) and 2 < 17-1 < /rr(G)l. 
If n = 5, then 7r= (3, 5). But ]N,(G,)/C,(G,)( = 2, a contradiction. Hence 
n > 5 and as A,-, is involved properly in G, A,-, is a n’-group. If n is not a 
prime, then every prime dividing n divides IA,-, I so that G is a n’-group, a 
contradiction. Thus n is a prime and rr = (n), a contradiction again. 
G Is Not a Sporadic Group 
Assume that G is one of the 26 sporadic groups. Then A, is properly 
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involved in G (see, for example, [20]). Thus { 2, 3, 5) z rc’. Let -0 =: { 7, 11, 
13, 17, 19, 31, 37, 41, 61) andleto(G)betheset,o(G)= {PE~]]G,I=~). 
If p E a(G) then, as G is simple, 1 < ]N,(G,)/C,(G,)] divides p - 1. But 
p - 1 is of the form 2”3457 for p E 0 and therefore N,(G,)/C,(G,) is a zc’- 
group. We conclude that (2, 3, 5) U a(G) s 7~’ f’ n(G). This imlies that 
lz/,<l, unless G-J,, Co,, M(24)‘, F,, F, (see 1201). If G-J,, then 
u(G) = (7, 31, 37} so that 71 E { 11, 23, 29, 43). Since M,, is involved in 
J1( 120 I), n = {29,43). But now ]N,(G,)/C,(G,)] is not a z-number for 
p E 71. a contradiction. Assume that G N Co,. As M,, is involved in Co, 
1201, we get that 7[ = ( 13}, a contradiction. Next let G Y M(24)‘. Then 
M(23) is involved in G and 71 = (29}, a contradiction. If G z F,, then Fz is 
involved in G 1201, so that TC !& (29,41, 59, 7 1 }. Then j G,/ = p for every 
p E rr. If p E 7~ - (59}, then iN,(G,)/C,(G,)~ divides p - 1 which is a n’- 
number. Thus, 71~ (59). a contradiction. Finally, assume that G E Fz. Then 
Co, is involved in G 1201, so that rcc { 13, 17, 19. 31.47). But a(G)= 
/ 11. 13. 17, 19. 31) so that z[= (47}, a contradiction. 
G Is Not a Chevalley Group 
We first consider some “small” cases. 
(a) G is not A,(q) ‘c PSL(2, q) 
Assume that G = A ,(q). Assume that there exists a prime r E n such that r 
divides q’ ~ 1. Let x be an element of order r. As r is odd x is contained in a 
dihedral subgroup of order 2(q i 1)/d, d = (2, q ~ 1). Hence, Y is inverted by 
an involution and / Nc;((x))/C,((x))~ is even and therefore not a z-number. 
Thus. no such prime exists and so rr = ( p}, q = p”, a contradiction. 
(6) G74A2(2). A,(3), C,(2), C,(3), ‘A,(2), ‘A,(3), ‘A,(2) 
If G = A,(3) = PSL(3, 2) = PSL(2, 7) then (a) yields the result. If 
G 2 A2(3) = PSL(3. 3), then rr = (3, 13). Let r E G, lr/ = 3. Then 7 is a real 
element [ 19 ] and therefore is inverted by an element g E G. Hence 
N,((r))lC,((r)) f 1 and therefore 1 NG((7))/Cc;((r)I = 2, a contradiction. 
Clearly G & C,(2) = S, as G is simple. Assume that G E C,(3) = PS,,(4, 3) = 
PSU(4,2). Here n = { 3,5) and ]N,(G,)/C,(G,)I is even, a contradiction. 
Clearly, G 74 ‘A,(2) = PSU(3, 2) which is solvable and G & ‘A,(2) = 
PSU(4. 2) z C,(3). If G N ‘A,(3) z PSU(3, 3), then r= (3. 7/ and again an 
element of order 3 in G is real [ 191 and we get a contradiction as in the case 
of PSL(3.3). 
(c) G &A,(q). I> 2 
Assume that G = A,(q) = PSL(I + 1. q), I > 2. Then A,-,(q) is inv’olved in 
G and by (b), A,- ,(q) is simple. Hence, 7r f’ $A, ,(q)) = 4 and /Cl,, divides 
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/t I - l)/(q - I)d, where d = (I + 1, q - 1). Now, G contains a cyclic 
subgroup T of order (9” ’ - I)/(q - 1)d and /G : Tl is a n/-number [ 16, 
p. 1881. It follows that T contains a Hall 7c-subgroup of G, say, T,. Let p E 71 
and P E Syl,(T). Then P E Syl,(G). As T is an abelian, T, s C,(P) and 
therefore N,(P)/C,(P) = 1 as G is z-homogeneous. This contradicts the 
simplicity of G. 
(4 G 74 C,(q), l> 2 
Assume that G = C,(q) u PSp(21, q). Then C,-,(q) N PSp(2(1~ l), q) is 
involved in G by ]lO, p. 71. By (b), C,-,(q) is either simple or is C,(2) = S,. 
Hence, I C,- 1(q)l is a ?-number and therefore 1 G IR divides q*’ - 1. Also, C, 
involves A,_ ,(q) as a Levi factor of a parabolic subgroup. By (b), A [- ,(q) is 
simple and hence q’ - 1 is a n’-number. Then I G], divides (q’ + 1)/d, 
d = (2, q - 1). By [9, pp. 23, 25,45,46], G has an abelian subgroup, T. of 
order (l/d)(q’ + 1) which is a maximal torus of G. By the above 1 G: Tl is a 
rr-number. Again T contains a Hall n-subgroup, T,, of G and T, & C,(P) 
for P E Syl,(G), P s T, p E 71. Thus, N,(P) = C,(P) by z-homogeneity. a 
contradiction. 
(e) G 74 B,(q), I> 2 
Assume that G = B,(q). As B,(q) = C,(q) we get from (d) that I> 3 and 
as B,(q) ‘v C,(q) for q even [ 15, p. 741, we have that q is odd. Recall that 
G Y PQ(2l+ 1, q). By [S] B,-,(q) and D,(q) are involved in G. As D!(q) is 
simple and B,- 1(q) is either simple or S,, 1 B,- ,(q)l and iD,(q)l are rt- 
numbers. Hence 1 G ]n divides q*’ - 1 and as q’ - 1 divides iD,(q)i, q’ - 1 is a 
n/-number. Hence 1 Gl, divides (q’ + 1)/d, d = (2, q - 1). As in case (d), G 
has an abelian subgroup, T, of order (q’ + 1)/2 with I G : TI a rr-number and 
a contradiction is reached exactly as in case (d). 
Assume that G E D,(q) ‘v PQ+(21, q), I> 4. By ] 10, p. 7 ] we have that 
D,_,(q) is involved in G. As D,-,(q) is simple for I> 4, ID,_ ,(q)/ is a rr- 
number so that 1 GI, divides (q’ - l)(q’- ’ + 1). Also A,-,(q) is involved in G 
as a Levi factor so that q’ - 1 is a &number and consequently /G In divides 
9 ‘-I + 1. Again, by [9, pp. 23, 26,45,46], G has a maximal torus, T, which 
is an abelian subgroup of order (l/d)(q’-’ + l)(q + l), d = (4, q’ - l), 
1 G : Tl is a rr’number. Again T contains a Hall rr-subgroup of G and a 
contradiction is reached as in the previous cases. 
(g) G 74 G,(q) 
Assume that G = G2(q). If q = 2, 1 G : G’/ = 2 and G’ = ‘A,(3) ] 15, 
p. 4921 and we’re done by case (b). Thus q # 2. By [ 18, p. 3771 we get that 
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PSL(3, q) and PSU(3, q) are involved in G and as n(G2(q))~n(PSL(3, q))U 
n(PSU(3, q)) we get that 7t = 4, a contradiction. 
(h) G 74 F&) 
Assume that G = F,(q). By [ 18, p. 3771, B,(q) and ‘Dq(q) are involved in 
F,(q). As q” - 1 = (q4 - l)(q” + q4 + 1) we have that n(F,(q)) L 
rr(B,(q)) U 7c(3D4(q)). Again, G is a n’-group, a contradiction. 
(4 G +z E,(q) 
Suppose that G = E,,,(q). Then A,(q) and F4(q) are involved in G [ 18, 
p. 377: 10, p. 161. As lA5(q)l and IF,(q)1 are rc-numbers we obtain that / G IT 
divides qh + q3 + 1. By 19, pp. 21,45,46, 501, G has a maximal torus, T, of 
order ( l/d)(q6 + q3 + l), d = (3, q - l), and /G : Tlis a rr-number. As 3 
divides 1 AS(q)1 an d since T is abelian, we get a contradiction in the same way 
as in (c). 
(.d G s E,(q) 
Suppose that G = E,(q). Then E,(q) is involved in G as a Levi factor. By 
( 18, p. 377 1 we have that A,(q), ‘A,(q) and ‘E6(q) are involved in G! so that 
lE,(q)l. lA,(q)l, 1 ‘A,(q)1 and 1 2E6(q)l are hnmhxs. But n@,(q)) E 
n(E6(q)) U n(‘E,(q)) U n(A,(q)) U x(~A,(~)) so that G is a rr-group, a con- 
tradiction. 
(3 G s E,(q) 
Suppose that G 1 Es(q). Since E,(q) is involved in G as a Levi factor we 
get that 1 Gl, divides 
(q’O + l)(q12 + l)(qSO - 1) 
(q2 + l)(q4 + l)(q’O - 1) . 
We claim that if t E G is an involution, then C,(t) is a n/mgroup. If q is even 
this follows from the fact that C,(t) =AB, A is a 2-group and B/Z(B) is a 
simple group with IZ(B)l = 1 or 2 [ 1, p. 73 1. If q is odd C,(t) has a 
subgroup of index 2, Co, C, is a product of covering groups of simple groups 
with center of order 2 [ 17, p. 2861. Thus the claim holds. 
Let A be an abelian subgroup of G with IN,(A)1 even and 1 A 1 odd. We 
claim that IA 1 is a 7c’-number. For if r E N,(A) is an involution and p E 71. p 
divides 1 A 1, then r normalizes a Sylow p-subgroup A, of A. Since 1 C,,(r)1 is a 
n/-number and p E 7~ we get that r does not centralize A,, so that 
I WA,K;(A,)I is even, contradicting the n-homogeneity. Hence IA 1 is a 71’. 
number. According to [9, pp. 23, 45. 46, 581, G contains maximal tori which 
will be denoted by T(n,) and T(a,) such that 
IT( =$$ and / T(a2)l = $$ 
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Also lWWd)l and I&(Wd)l are even. As r(a’) and r(a,) are abelian 
subgroups of odd order the previous argument implies that (q’* + l)/(q4 + 1) 
and (9” + l)/(q* + 1) are n/-numbers. We conclude that 1 Gl,, divides 
(q3’ - l)/(q” ~ 1). A s q* + q + 1 and q* -q + 1 are n’numbers by the 
above we get that ) GJX divides a/3, where 
q” _ 1 
CZ= and P= 
qlC + 1 
(q2+4+l)(q”-1) (4*-q+ l)(q5 + 1)’ 
We wish to show that a is a &number. By 19, pp. 23, 45, 46, 58 ] G has a 
maximal torus, T(a,), with I7’(a,)l = a and ~Nc(T(u,))/T(u,)l is divisible by 
5. We claim a is coprime to / C,(t)1 for every involution t E G. First we 
observe that every odd prime dividing an order of centralizer of an 
involution is a divisor of the following number [17, pp. 285-286; I, p. 73 1: 
y = q(q* - l)(q6 - l)(q* - l)(q” - l)(q’* - l)(q14 - l)(q’* - 1). As a is 
odd it suffices to show that (a, ‘J) = 1. Let p be a prime divisor of (a, 1)). 
Clearly p divides (y/q, q” - 1). Using the fact that for every natural 
numbers a, 6, c it holds that (ub - 1, a’ - 1) = u’~,~’ - 1 14, p. 23 1 we get 
thateitherplq-1 orplq’-1 orplq5-l.AspIawehavethat 
Then, by [23, p. 11, we get that either p ) q - 1 or p = 3, 5. If q = l(p) then 
q” + q5 + 1 E 3(p) and as p I q” + qc + 1 we have 3 E O(p). Hence p = 3 
or 5. It is easy to see that (4” + q5 + 1, 5) = 1 and that q” + q’ + 1 = O(3) 
implies that q* + q + 1 = O(3). As q” + q’ + 1 is not divisible by 9 we get 
that a = (9” + q5 + l)/(q* + q + 1) is coprime to 5 and 3. Hence no such 
prime exists and the claim is proved. 
By Lemma5 of [25], ?-(a,) IS a CC-subgroup of G. In particular 
N,(T(u,)) is a Frobenius group with T(u,) a Frobenius kernel and a 
Frobenius complement, H, is of order divisible by 5. As 5 divides q4 - 1 if 
(q, 5) = 1 and as q(q4 - 1) is a 7c’number we get that 5 E rr’. If a = / T(u,)l 
is not a n/-number then an element of order 5 of N will normalize but 
not centralize a x-subgroup T, of r(u,). Then lN,(T,)/C,(T,)I is not a 
n-number, a contradiction. We conclude that 1 Gl, divides 
p= (9” - q5 + l)/(q* -q + 1). By 19, pp. 23,45,46], G has a maximal 
torus, T, of order /3 which in turn contains a Hall n-subgroup of G, say, T,. 
We now get a contradiction as in case (c). 
(k) G & *4(q), 1 Z 2 
Assume that G z *A,(q) N PSU(I + 1, q), 12 2. Then G involves ‘Al l(q) 
[ 24, p. 1381. By case (b) 1 *A,- ,(q)i is a rr’number as 2A,Pl(q) is simple. It 
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follows that / G/, divides (q’+ ’ t (-l)l)/(q + l)d, where d= (It 1, q t 1). 
By 19, pp. 23,45,46] SL(n, q) has a maximal torus of order 
(9 ‘+I - l)/(q - 1) so that [22, p. 1901 implies that SU(n, q) has a maximal 
torus of order 
(-q)‘+’ - 1 1 = q’+’ t (-1)’ 
-q- 1 q+l . 
Therefore PSU(l$ 1, q) has an abelian subgroup, T, of order 
(q’+ I + (-l)‘)/(q + 1)d with / G : Tl a n/-number. A contradiction is reached 
now as in case (c). 
(0 G 74 ‘@(s), 1 Z 4 
Assume that G = ‘D,(q) E PC(21, q), I > 4. By [24, p. 138 ] B,-,(q) is 
involved in G and as B,-,(q) is simple for I> 4 we get that IIim,(q)l is a z’- 
number. Hence ICI, divides (q’ t 1)/d, where d = (4, q’ t 1). If q is odd G 
has a maximal torus, T, such that (q’ + 1)/d divides 1 TI [25, p. 5 1 1 ] and 
/G : TI is a n/-number. Then T contains a Hall 7csubgroup of G and we get a 
contradiction as in case (c). 
Hence, we may assume that q is even so that d = 1 and G e Q -(21, q) G 
Om(21,q)cLI’(41,q)=D2,(q). (See [ 18, p. 3501.) Set X=D,/(q) and we 
may assume that G E X. By 191, pp. 23,45,46], X has an abelian maximal 
torus, T, of order (q’ + 1)2. We’ll now show that T contains a Hall x’- 
subgroup of X. Let p E X, then p is coprime to 6= (q2 - l)(qJ ~ 1) ... 
(F2 ~ 1) as l~,-,(q)l is a 7c’-number. As p E 71, p 1 q’ $ 1 so that 
p 1 q2’ - 1. If p divides q2’+2k - 1 for some k = 1, 2,..., I - 1 then 1, divides 
q2’(q2k - 1) so that p 1 q2k - 1. Thus p 1 6, a contradiction. It follows that if 
p E 7c then p is coprime to the number 7 =qm. 6(q2’+’ - l)(q2’t4 ~ 1) 
.‘. (9 2’-t2’P2 - 1) for all m 20. As 1x1 = 7. (q2’- 1)’ we get that IX,1 
divides (q’ t 1)2 = 1 Tl. Thus T contains a Hall n-subgroup, T,, of X. As Tn 
is abelian, every n-subgroup of X and in particular of G are abelian (see [ 16, 
p. 285 1). 
Let us turn back to G. Let p E 71. As every 7c-subgroup of G is abelian. 
every n-subgroup of G which normalizes G, must centralize G,. Thus, by n- 
homogeneity, N,(G,)/C,(G,) = 1, contradicting the simplicity of G. 
Assume that G = ‘E6(q). By [ 24, p. 1381, F4(q) and ‘D,(q) are involved in 
G and therefore ]G], divides (l/d)(q’ -q3 + l), 1= (3,q t 1). By 19. 
pp. 23,45,46] and [22, p. 1901 we see that G has a maximal torus, T. of 
order (l/d)(q6 - q3 + 1) with ]G : TI a r’-number. A contradiction is now 
obtained as in case (c). 
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(n) G s 2B,(q), ‘G (q) 
If G = ‘B2(q) 1 S;(q), then C,(t) is a 2-group for every involution t E G. 
It follows from [21, p. 1371 that every element of odd prime order of G is 
inverted by an involution. Hence n = @, a contradiction. Assume that 
G 2 ‘G,(q) = Ree(q), q = 32”t ‘. If q= 3 then G=PTL(2,8) and we are 
done by case (a). Hence q > 3. Then G involves the simple group A ,(q) so 
that 1 G], divides (q2 - q + 1) = (q + 1 + 3m)(q + 1 - 3m), m = 3”. By 126. 
p. 231 every r-element of prime order is inverted by an involution so that 
?I = 4, a contradiction. 
Assume that G = 3D,(q). Since G involves the simple group G,(q)’ ( 18, 
p. 377) we get that ICI, divides q4 - q2 + 1. By [ 18, p. 3771 G &F,(q) and 
by 19, pp. 23,45,46] we see that P,(q) has a maximal torus, T, of order 
q4 - q2 + 1. It is easy to see that T is an abelian Hall subgroup of F,(q) and 
therefore contains a Hall n-subgroup of F4(q). As in the end of case (I), we 
get that every n-subgroup of F,(q) and in particular of G is abelian. A 
contradiction is now reached as at the end of case (1). 
If q = 2, then 71 c (3, 5, 13}. As S,(2) and GL(2, 2) are imbedded in G [ 1. 
p. 751 we get that elements of orders 3 and 5 are inverted, each by an 
involution of G. Hence { 3, 5) z 71’ and 1 Z] < 1, a contradiction. Hence we 
assume that G- ‘F4(q), q= 22”+‘, n > 1. By ]I, Section 181, S,(q) and 
A ,(q), which are simple, are involved in G and consequently 1 G/T divides 
(q2 - q + l)(q4 - q2 + 1). Now, G g F,(q) and as in the previous case, F,(q) 
has an abelian maximal torus, T, of order q’ - q2 + 1 which is a Hall 
subgroup of F,(q). It is clear that / TI is coprime to the order of every 
centralizer of involution of F4(q) [ 11. Then [ 25, Lemma 5 ] implies that T is 
a CC-subgroup of F4(q). In particular IV,.,(~,(T) is a Frobenius group and T 
is a T.I. set in F4(q). If q4 ~ q2 + 1 is not a r&number we choose a prime 
p E rr such that p 1 q’ - q2 + 1. Then G, is a Sylow p-subgroup of F,(q). By 
] 16, p. 285 ] we assume that G, G T. Then N,(G,) s IV,.~(,,(T) = TA, where 
IA 1 divides q2(q2 - 1). Recall that N,(G,)/C,(G,) is a nontrivial 7c-group so 
that we may choose a prime r E 7~ such that r divides ]N,(G,)/C,(G,)l. Let 
N, be a Sylow r-subgroup of Nti(G,,). Then N,G, 5 N,(G,) E T’ A. As 
N,G, is a n-group, IA / is a rr-number and T contains the unique Hall n- 
subgroup of TA we get that N,G, z T. As T is abelian N, c C,;(G,) 
contradicting the fact that r divides ]N,(G,)/C,(G,)]. 
We conclude that q4 - q2 + 1 is a r’-number and therefore /G/, divides 
q2 - q + 1. By 19, pp. 23,45,46], F4(q) has an abelian subgroup B of order 
(q2 -q + 1)2. If p E 7~ then p is coprime to q(q4 - l)(q4 - q2 + 1) by the 
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above. Then, it is easy to see that p is coprime to lF,(q)\/(q* -q + 1)‘. 
Hence B contains an abelian Hall z-subgroup of F4(q). As in the end of case 
(1) every z-subgroup of F,(q), and therefore of G, is abelian. Now we get a 
contradiction as in the end of case (1). The theorem is now proved. 
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